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Introduction
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State explosion : from Discrete PN to Con6nuous PN

Motivations: define a model that is a good approximation of the discrete model and for which the number of 
reachable states is more reduced.

ð Study of marking flows

Buffer 1 Buffer 2Machine

N1 N2

System :

Discrete PN model:

Number of reachable states: N = (N1 +1) (N2 + 1) 2
For N1 = N2 = 10, N = 242. For a production line composed of 10 buffers and 9 machines, N>1013 states.
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Motivation

Large numbers: continuous approximation may be convenient.
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From discrete PN to autonomous continuous PN
Autonomous continuous PNs are introduced as a limiting case of autonomous discrete PNs.
Transformation: dividing each mark into k equal parts (tokens)

R’(k)= <Q, 
M’(k)> 

R = <Q, 
M> 
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Expressed in 
tokens

Expressed in 
marks

ð Expressed in tokens (m’i), the marking is an interger.
ð Expressed in marks (mi), the marking is a ra7onal number.
mi = m’i / k

Each mark is split into k
tokens (k = 4)
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Autonomous continuous PN

reachable 
markings

R’(4)= <Q, M’(4)> R’(∞)= <Q, M’(∞)> 

The marking gradient G1 represents the marking variation of the autonomous continuous PN when 
transition T1 is fired. 

t1 is called firing quantity.

The gradients of marking M with respect to T1 and T2 are the vectors:

When k tends to infinity, we obtain an autonomous continuous Petri net. 

𝐺! =
𝜕𝑀
𝜕𝜏!

= (−1,1) 𝐺" =
𝜕𝑀
𝜕𝜏"

= (1,−1)and
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Autonomous continuous PN - trajectories

Characteristic vector of a trajectory: vector where each component is a real number corresponding to the
firing quantity of the corresponding transition. M’ = M + W.S

Remark. There is an infinite number of trajectories which have the same characteristic vector.

¡ In a discrete PN, starting from marking M, a firing sequence S gives a sequence of successive 
markings.

¡ In a continuous PN, starting from marking M, a firing sequence gives a trajectory (corresponding to a 
sequence of successive markings).

§ For DPN: sequence S1 = T1 T2 T1 (i.e., S1 = (2, 1)) from M0 = (1,0,0) 
reaches M1 = (0,1,1)

§ For CPN, from M0 to reach M1, possible sequences are: 
S2 = (T1)0.5 (T1)0.5 (T2)0.5 (T2)0.5 (T1)0.5 (T1)0.5  = ((T1)0.5)2 ((T2)0.5)2 ((T1)0.5)2

S3 = (T1)0.8 (T2)0.6 (T1)0.5 (T2)0.4 (T1)0.7 with 0.8+0.5+0.7 = 2  and 
0.6+0.4 = 1

Example. Reachable 
markings of DPN

Reachable 
markings of CPN

A possible 
trajectory 
from M0 to 
reach M3

M3

Liveness: yes or not?: lim-reachability (!)
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From T-Timed discrete PN to Timed conAnuous PN

¡ Constant continuous PN
(CCPN)

or CPN with finite servers semantics
v1 = V1 = k / d1
v2 = V2 = k / d2

¡ Variable continuous PN (VCPN)
or CPN with infinite servers 
semantics

v1 = V1 min (m1, m3) 
v2 = V2 min (m2, m4) 

P1

p2

P3

P4

V1=1/2

V2=1/3

2

1
T1

T2 1

P1

P2

V1=1/2

V2=1/3

2

T1

T2

P1

P2

P3

P4

d1=2

d2=3

T1

T2

¡ Timed T discrete PN
with k serveur semantics

5. PNs & Automatic Control: Cont./Fluid models

58

Continuization

Continuous Petri netDiscrete Petri net

Continuization = Remove the integrality restrictions when firing transtions

[ ]
[ ]⎭⎬

⎫

⎩
⎨
⎧=

•∈ tp
ptenab

tp ,Pre
mmin)m,(Enabling degree :

Transition t can be fired in any real amount α, 0 < α ≤ enab(t,m)

The marking is a continuous amount
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Constant Continuous Petri nets

9
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Constant Con6nuous PN (or CPN with finite server 
seman3cs)

13

Continuous System : Approximation
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¡ Continuous place Pi: mi is a non negative real

¡ Continuous transition Tj: Vj is called maximal speed and vj is called instantaneous
firing speed.

Example.
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Enabling of a transition
¡ A continuous place is fed at a time t if this place has a null marking but has at least one input transition with a non-

zero instantaneous firing speed.
mi(t) = 0 Pi is fed if : $ Tj Î °Pi and vj(t) ≠ 0 

¡ Enabling conditions for a continuous transition:
² A continuous transition is strongly enabled at time t if the marking of all its input places is strictly positive. 

Tj is strongly enabled if " Pk Î °Tj / mk(t) > 0
² A continuous transition is weakly enabled at time t if each of its input places that has a null marking is fed.

Tj is weakly enabled if $ Pk Î °Tj / mk(t) = 0 and Pk is fed.

Example.

13

Continuous System : Approximation
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For the initial marking, M0 = (0, 75), at time t0:
T2 is strongly enabled => v2(t0) ≠ 0
Thus place P1 is fed.
T1 is then weakly enabled.
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Instantaneous firing speed
¡ The dynamic balance Bi of place Pi corresponds to the marking gradient:

It represents the increasing or decreasing variation of the marking and cannot be negative.

¡ Instantaneous firing speed of a continuous transition:
² For a not enabled transition: vj(t) = 0 

² For a strongly enabled transition: vj(t) = Vj

² For a weakly enabled transition: vj(t) = min [Vj , min+!∈°."/
0! 1 23

( Bi(t) + Pre(Pi, Tj). vj(t)) ]

Example.

13

Continuous System : Approximation
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T2 is strongly enabled => v2(t0) = V2 = 3
P1 is fed => B1 (t0) = v2(t0) – v1(t0) = 3 – v1(t0) 

T1 is weakly enabled => v1(t0) = min (V1, 3 – v1(t0) + v1(t0) ) = min (2, 3) = 2.
Consequently, B1 (t0) = 1 and B2 (t0) = -1.

𝐵4 𝑡 = 𝑚̇4(𝑡) = ∑5267 𝑃𝑜𝑠𝑡 𝑃4 , 𝑇5 . 𝑣5 𝑡 − ∑5267 𝑃𝑟𝑒 𝑃4 , 𝑇5 . 𝑣5 𝑡
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State equaAon
The firing of transition Tj at time (t+dt) leads to the new marking such that:

$ Pi Î °Tj mi (t+dt) = mi (t) - vj(t) . Pre (Pi, Tj). dt
$ Pi Î Tj° mi (t+dt) = mi (t) + vj(t) . Post (Pi, Tj). dt

Example.
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Continuous System : Approximation
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Continuous System : Approximation
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⚠ Implicite equation => use fixed point iterative method or linear programming
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Evolution graph

13

Continuous System : Approximation
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Continuous System : Approximation
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Example.

v = (2 , 3)

t0 = 0M0 = (0, 75)

m2 = 0 / 75

v = (2 , 2)
M1 = (75, 0)

B0 = (1, -1)

B1 = (0, 0)

¡ An invariant-state behaviour (IB-state ) is defined by the instantaneous firing speed 
vector that remains constant during two timed events.

¡ An event occurs when a marking of a place (with a negative balance) becomes
equal to zero.
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Hybrid Petri nets

15
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Hybrid Petri nets
(Timed) Hybrid Petri net = T-timed discrete PN U Constant continuous PN

An hybrid Petri net is defined by H = < R, f, M0 , Tempo > where:
1) R is a Petri net defined by: R = < P, T, Pre, Post > 
2) f : P È T ® { D, C} called "hybrid function", indicates whether each node is

discrete or continuous.
3) M0 is the initial marking.
4) Tempo is the application that associates a non-negative rational number with

each transition.

Batches Petri Nets

Modeling with discrete event-continuous timed PN

Batches Petri Net has been proposed by Demongodin (1992):

it is an extension of Hybrid Petri nets by adding a new node called
batch node;
what is it the concept of a batch? =) a batch is a group of entities
with continuous characteristics.

Hybrid PN

Timed continuous PNTimed discrete PN

d 
delay 

Discrete place 

Discrete transition 
φ 

speed 

Continuous place 

Continuous transition 

3.5 

Φ
flow 

mB
i(t) = {Bn(t),... Bq(t),... B1(t), OB0(t)} 

Batch place 

Batch transition 

dmaxi 
si 
Vi 

Batches PN

Modelling with a hybrid approach in HPN 
Batch concept : group of entities with continuous characteristics 

!  Batches Petri net (BPN) (Demongodin and Prunet, 1992) 
" Take allowance of variable delay on flow and accumulation phenomena BPNs represent variable delays on flows and accumulation phenomena

I. Demongodin and L. Brenner (LSIS) Batches Petri Nets Xidian University, 27/11/17 9 / 43

Batches Petri Nets

Modeling with discrete event-continuous timed PN

Batches Petri Net has been proposed by Demongodin (1992):

it is an extension of Hybrid Petri nets by adding a new node called
batch node;
what is it the concept of a batch? =) a batch is a group of entities
with continuous characteristics.

Hybrid PN

Timed continuous PNTimed discrete PN

d 
delay 

Discrete place 

Discrete transition 
φ 

speed 

Continuous place 

Continuous transition 

3.5 

Φ
flow 

mB
i(t) = {Bn(t),... Bq(t),... B1(t), OB0(t)} 

Batch place 

Batch transition 

dmaxi 
si 
Vi 

Batches PN

Modelling with a hybrid approach in HPN 
Batch concept : group of entities with continuous characteristics 

!  Batches Petri net (BPN) (Demongodin and Prunet, 1992) 
" Take allowance of variable delay on flow and accumulation phenomena BPNs represent variable delays on flows and accumulation phenomena

I. Demongodin and L. Brenner (LSIS) Batches Petri Nets Xidian University, 27/11/17 9 / 43

V
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Fundamental equaAon
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Remark: reserved policy, i.e., the marking is
decomposed into a reserved marking Mr and a non 
reserved marking Mn

mi(t) = mr
i(t) + mn

i(t)

Marking Incidence matrix

Fundamental equation

with s (t) : firing vector
v(t) : instantaneous firing speed vector

! !
! !
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Remark: if f(Pi) = D and f(Tj) = C then Pre(Pi, Tj) = Post(Pi, Tj).
This structural condition ensures that the marking of discrete
places remains an integer, whatever the evolution that occurs.
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Influences Discrete - Continuous

18

Influence of the Discrete Part
on the Continuous Part

P1

P3

P2 P4

T1
T2

T4

T32

19

Influence of the Continuous Part
on the Discrete Part
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P3

P2 P4

T1 T4

2

14.8

14.8

8.2

6.5

Production 
allowed

Production 
stoppedInput 

buffer

Production 

Output
buffer

Influence of the discrete part on continuous part Influence of the continuous part on the discrete part
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TransformaAons Discrete - ConAnuous

Transformation continuous marking into discrete one Transformation discrete marking into 
continuous one

20

Transformation of Continuous Marking
into Discrete Marking
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General case

22

General Case
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Evolution graph Timed Hybrid Petri Nets 2 4 7

(b)
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(1, 0)De    
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(0, 1)

m3 = 5  / 5
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t = 8 + 15K

IB-state 3(0, 1)

C,befm         = (3, 7)
C,aftm         = (3, 2)

(0)

(0)

(1)

(1)

Figure 6.12  Example of timed hybrid PN and evolution graph.

At initial time, mD = (2), eD = (1, 0), and v  = (0) since m2 = 0. This IB-state

lasts up to firing of T1 (D1-event), occurring at t = 3 and leading to IB-state 2.

Firing of T1 consists of removing two tokens from P1 and placing 10 marks in P2.

Hence, there is a brutal (not continuous) change of the continuous marking mC,

from mC,bef(3) = (0, 0) to mC,aft(3) = (10, 0) (notations similar to the case of

infinite firing speed in a timed continuous PN, Section 5.1.2.5). Then v3 = 1.

The next change, from IB-state 2 to IB-state 3, is due to the D2-event

corresponding to m3 reaching the value 5 = Pre(P3, T2): T2 becomes enabled.

Transition T2 will be fired two time units later (D1-event): changing from IB-state

3 to IB-state 4.

Three time units later, a C1-event (m2 becomes 0) and a D2-event (m3 reaches

value 5) occur simultaneously. IB-state 5 is reached, then two time units later, T2

is fired for the second time and IB-state 1 is reached again. The behavior is

periodical.

Let us consider for example the evolution of the hybrid PN in Figure 6.12 from

t�= 0 to t = 11.5. During this time interval, T1 is fired at t  = 3, T2 is fired at

t�=�10, T 3 is continuously fired at v3 = 1 from t = 3 to t = 11.5. Hence,

m(0) =

2

0

0
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; v(t) �dt
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. (6.13)
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Example of hybrid PN
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6.1.2  Illustrative Example

Example. Consider the example in Figure 6.5. Parts are carried by pallets

initially in buffer B1. The cycle is shown in the figure: operation no. 1 (duration:

0.33 time unit), then buffer B2, operation no. 2 (0.5 time unit), buffer B1 and so

on. The following constraint is imposed: both operations are performed in turn on

the same machine; 90 time units for operation no. 1, then 60 time units for

operation no. 2, and so on. Operations are modeled by continuous flows (large

number of pallets).
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This system is modeled by the timed hybrid PN in Figure 6.6a. The set of

places is P =�{P1, P2, P3, P4}: the sets of discrete places and continuous places are
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§ autonomous
§ labeled
§ synchronized
§ timed, time
§ stochastics
§ colored, object, fuzzy
§ continuous, hybrid, batch
§ etc.

Conclusions

Several type of Petri nets:
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